Necessary and sufficient conditions are given in order for a Borel measure on the Euclidean sphere to have an affine image that is isotropic. A sharp reverse affine isoperimetric inequality for Borel measures on the sphere is presented. This leads to sharp reverse affine isoperimetric inequalities for convex bodies.
Introduction
Basic to Euclidean geometry is the Pythagorean theorem: for each x ∈ R n , the square of the Euclidean norm of x may be computed by |x| 2 = |x · e 1 | 2 + |x · e 2 | 2 + · · · + |x · e n | 2 ,
where e 1 , e 2 , . . . , e n are orthogonal unit vectors in R n , and x · e i is the standard inner product of x and e i in R n . This can be rewritten as
where γ n = 1 2 n i=1 (δ e i + δ −e i ), and δ v denotes the delta measure defined on the unit sphere, S n−1 , of R n , by having it concentrated exclusively on the vector v ∈ S n−1 . The measure γ n is a cross-measure. A cross-measure is a discrete measure, defined on S n−1 , and concentrated equally on the 2n points where S n−1 intersects the coordinate axes. The geometric significance of the cross-measure lies in the fact that it is the "surface area measure" of the cube in R n . Now (1.1) leads to the important concept of isotropy of measures, which may be viewed as an extension of the Pythagorean theorem. A finite Borel measure µ on the unit sphere S n−1 is said to be isotropic if for each x ∈ R n , (1.2) |x| 2 = n |µ| S n−1 |x · v| 2 dµ(v),
where |µ| = µ(S n−1 ). This tells us that the inertia of µ in all directions is the same, or equivalently, the ellipsoid of inertia of µ is a sphere. Two basic examples of isotropic measures on S n−1 are spherical Lebesgue measure and cross-measures.
Isotropy is an important property of measures that tells us that a measure is, in an important sense, evenly distributed. In 1991, Ball [2] discovered an amazing connection between the isotropy of measures and the Brascamp-Lieb inequality, and used it to establish his celebrated reverse isoperimetric inequality. Ball's work inspired much use of the notion of isotropy of measures in the study of reverse affine isoperimetric inequalities (see, e.g., [2-4, 51, 55, 58] , and also the survey [18] ). On R n , isotropic log-concave measures have been intensively investigated in the context of the Kannan-Lovász-Simonovits conjecture [35] and its relatives (see, e.g., [5, 21, 36] ).
If µ is a positive Borel measure on S n−1 and A ∈ GL(n), then the image Aµ, of µ under A, is a measure defined, for Borel ω ⊆ S n−1 , by ( 
1.3)
Aµ(ω) = µ( A −1 ω ), where x = x/|x|, for x ∈ R n \{0}. Any Aµ where A ∈ GL(n) will be said to be an affine image of µ. That the action defined above is the natural action of GL(n) on the set of Borel measures on S n−1 can be seen by first considering even (i.e., taking the same values on antipodal Borel subsets of S n−1 ) measures on S n−1 . Because these measures are even, we can consider them as measures on S n−1 with antipodal points identified, or equivalently, as measures on real projective space, P n−1 (R), where GL(n) acts naturally sending lines through the origin into their images. One easily sees that the result is definition (1.3).
Problem 1.1. For a finite Borel measure µ on S n−1 , what are necessary and sufficient conditions for the existence of an A ∈ SL(n) so that the image Aµ is isotropic?
If there exists an A ∈ SL(n) so that Aµ is isotropic, the measure µ is said to have an affine isotropic image. Problem 1.1 for the cone-volume measure (defined below) of a convex body was posed in [57] .
One of the aims of this paper is to extend work of Carlen and CorderoErausquin [11] for discrete measures, and Klartag [37] for arbitrary measures, and provide an answer to Problem 1.1.
Perhaps not surprisingly, the problem above is linked to concepts of "concentration of measure." In [8] , the authors defined the subspace concentration condition of measures (defined below), which limits how concentrated a measure can be in a subspace. (This condition is connected with fully nonlinear partial differential equations.) The authors proved that the subspace concentration condition is both necessary and sufficient for the existence of a solution to the even logarithmic Minkowski problem -which amounts to establishing existence for a Monge-Ampère-type equation in convex geometric analysis. In this paper, we prove that the subspace concentration condition is also necessary and sufficient to answer Problem 1.1.
A finite Borel measure µ on S n−1 is said to satisfy the subspace concentration inequality if, for every subspace ξ of R n , (1.4) µ(ξ ∩ S n−1 ) ≤ 1 n µ(S n−1 ) dim ξ.
The measure is said to satisfy the subspace concentration condition if, in addition to satisfying the subspace concentration inequality (1.4), whenever µ(ξ ∩ S n−1 ) = 1 n µ(S n−1 ) dim ξ, for some subspace ξ, then there exists a subspace ξ , that is complementary to ξ in R n , so that µ is concentrated on S n−1 ∩ (ξ ∪ ξ ), or equivalently, so that we also have
The measure µ on S n−1 is said to satisfy the strict subspace concentration inequality if inequality (1.4) is strict for every subspace ξ ⊂ R n , such that 0 < dim ξ < n.
To answer Problem 1.1, we shall prove that a measure of having an isotropic affine image is the same as the measure of satisfying the subspace concentration condition. This demonstrates the close connection between isotropy and concentration of measure.
One of our goals is to establish the following: Theorem 1.2. A finite Borel measure µ on S n−1 has an affine isotropic image if and only if µ satisfies the subspace concentration condition.
For the case of discrete measures, Theorem 1.2 is due to Carlen and Cordero-Erausquin [11] . Klartag [37] established that if a general measure satisfies the strict subspace concentration inequality, then it has an affine isotropic image.
We will use Theorem 1.2 to establish a sharp affine inequality for measures that satisfy the subspace concentration condition. The equality conditions of this inequality characterize cross-measures.
A finite Borel measure µ on S n−1 will be said to have positive subspace mass if there exists a subspace ξ of co-dimension 1 such that µ(S n−1 ∩ ξ) > 0. Spherical Lebesgue measure on S n−1 , or any measure that is absolutely continuous with respect to spherical Lebesgue measure, does not have positive subspace mass. On the other hand, every discrete measure on S n−1 has positive subspace mass. Intuitively, a cross-measure would have its measure maximally concentrated within subspaces. It is remarkable that there is an affine invariant functional of measures that can be used to demonstrate this. This affine invariant functional may be viewed as a geometric mean of the mass of the measure, while the total mass functional, | · |, is the usual (arithmetic) mean.
Let µ be a finite Borel measure on the unit sphere S n−1 . Define U (µ) by
where the integral is over the subset of the n copies S n−1 × · · · × S n−1 where the exterior product is non-zero. Like the total mass |µ| of µ, the functional U is invariant under SL(n) transformations; i.e., |Aµ| = |µ| and
for each A ∈ SL(n). Thus, we also call U an affine functional. Note that U (µ) ≤ |µ|. Obviously, U (µ) = |µ| if µ is Lebesgue measure on S n−1 or any measure that is absolutely continuous with respect to spherical Lebesgue measure, while U (µ) < |µ| whenever µ is discrete. The functionals U and | · | will be shown to coincide precisely on those measures that do not have positive subspace mass. We characterize cross-measures, among all measures that satisfy the subspace concentration condition, by establishing an affine inequality between the functional U and the total mass | · |. Theorem 1.3. Let µ be a finite Borel measure on the unit sphere S n−1 .
1) Then, |µ| ≥ U (µ), with equality if and only if the measure µ does not have positive subspace mass. 2) If µ satisfies the subspace concentration condition, then
with equality if and only if the central symmetral (2.6) of µ is an affine image of a cross-measure.
In the last section of this paper, Theorem 1.2 is applied to solve an open problem posed in [57] regarding the isotropy of the cone-volume measure of a convex body. Theorem 1.3 is applied to partially answer an open problem posed in [52] regarding a reverse affine isoperimetric inequality for polytopes.
Preliminaries
The setting for this paper is n-dimensional Euclidean space, R n . Here | · | will denote the usual norm on R n , and we shall write x · y for the standard inner product of x, y ∈ R n . As usual, a proper subspace of R n is one whose dimension is neither 0 nor n.
For A ∈ GL(n), the group of invertible linear transformations in R n , let trA and detA denote the trace and the determinant of A, and write |A| for the absolute value of the determinant of A. Write A t for the transpose of A, and A −t for the transpose of the inverse of A. The identity in the group GL(n) will be denoted by I n .
As usual, the special linear transformation group, SL(n), is the subgroup of GL(n) whose elements have determinant 1. We shall refer to the elements of GL(n) as affinities (as opposed to the more cumbersome "non-singular centro-affine transformations".) For a subspace ξ of R n , we will write GL(ξ) and SL(ξ) for the corresponding groups of affinities in ξ. We shall write I ξ for the identity in SL(ξ).
If D is a subset of an m-dimensional subspace of R n , the m-dimensional Lebesgue measure of D will be denoted by V m (D). If m = n then the subscript will be suppressed. Denote by P ξ : R n → ξ the orthogonal projection operator from R n to the subspace ξ of R n .
The support function h K : R n → R of a compact, convex K ⊂ R n is defined, for x ∈ R n , by h K (x) = max{x · y : y ∈ K}, and uniquely determines the convex set K. Note that support functions are positively homogeneous of degree one and subadditive. From the definition, it follows immediately that, for A ∈ GL(n), the support function of AK = {Ax : x ∈ K} is given by
for x ∈ R n . A compact, convex subset of R n with non-empty interior is called a convex body. In general, support functions are continuous, and if the origin is an interior point of the convex body K, then the support function of K is strictly positive when viewed as defined on S n−1 . Observe that (2.1)
We will make use of the fact that for A ∈ GL(n)
More specifically, we will make frequent use of the fact that if P : R n → ξ ⊂ R n is linear, and η is a subspace of R n such that dim(η) = dim(P η) = m, then for a convex body D ⊂ η,
where P is the restriction of P to η. For A ∈ GL(n), define the norm | · | A in R n by |x| A = |A −t x|, for x ∈ R n . The unit ball of this norm,
is an ellipsoid centered at the origin whose volume is equal to |A|ω n , where ω n is the volume of the standard unit ball, B n , in R n . We shall write | · | * A for the dual norm of | · | A ; i.e., |y| * A = max{x · y : x ∈ R n and |x| A ≤ 1}, for y ∈ R n . If ε(A) is the ellipsoid associated with A ∈ GL(n), then for A ∈ GL(n). Throughout, a "finite Borel measure" is assumed to be both positive and not identically zero. If µ is a finite Borel measure on the unit sphere S n−1 , then supp(µ) will denote its support and we will useμ to denote its central symmetral; i.e., for each Borel ω ⊂ S n−1 ,
where −ω is the antipodal image of ω. From definition (1.3), it follows immediately that the central symmetral of Aµ is equal to Aμ. A finite Borel measure µ on the unit sphere S n−1 is said to be isotropic if for each u ∈ S n−1 ,
Or equivalently, if for all i, j, (2.7)
For x 1 , . . . , x n ∈ R n , let [x 1 , . . . , x n ] denote the n × n matrix whose columns are the vectors x 1 , . . . , x n . We need the following fact (see, e.g., [55] ) regarding isotropic measures:
(2.8)
For quick later reference, we recall that, by (1.3), for a Borel measure µ and A ∈ GL(n), the image Aµ is defined for each continuous f :
where Av = Av/|Av|. Obviously, (cA)µ = Aµ for c > 0. Observe that if µ is isotropic and O ∈ O(n), then Oµ, the image of µ under O, is isotropic as well. Thus, if Problem 1.1 has an affirmative answer, then a solution may always be chosen to be an element of SL(n) that is positive definite.
Log-John affinities
Measures that have affine images that are isotropic are closely related to solutions of a maximization problem that we call the log-John problem. In fact, the existence of an isotropic affine image of a particular measure is equivalent to the measure having a log-John affinity (defined below) associated with it.
For a finite Borel measure µ on S n−1 , define e µ : GL(n) × GL(n) → R for P, Q ∈ GL(n) by
It is easily seen that e µ : GL(n) × GL(n) → R is continuous in each argument. We call e µ (P, Q) the log-eccentricity of P relative to Q with respect to µ. From the definition we see immediately e µ (P,
We shall make use of the trivial observation that for real λ = 0,
2) e µ (P, λQ) = e µ (P, Q) − |µ| log |λ|.
A useful fact, that follows immediately from definition (3.1), is that
where I = I n is the identity.
As can be seen in the following lemma, log-eccentricity is a GL(n)-contravariant: Lemma 3.1. If µ is a finite Borel measure on S n−1 , and P, Q ∈ GL(n), then e µ (P A, QA) = e Aµ (P, Q),
Proof. For A ∈ GL(n), from (3.1), (2.9), and (3.1) again, we have
For a finite Borel measure µ on S n−1 , and a P ∈ GL(n), define
Observe that m(µ, P ) > 0, for all P ∈ GL(n). To see this note that if det(P ) > 0, then since e µ (P, P ) = 0, it follows that m(µ, P ) ≥ det(P ) > 0. If det(P ) < 0, then choose an O ∈ O(n) so that det(OP ) > 0, and since e µ (P, OP ) = e µ (P, P ) = 0, it follows that m(µ, P ) ≥ det(OP ) > 0.
Does there exist a Q 0 ∈ GL(n) such that (3.5) det(Q 0 ) = m(µ, P ) and e µ (P, Q 0 ) ≥ 0;
i.e., is the supremum in (3.4) just a maximum? If such a Q 0 exists, then Q 0 will be called a log-John affinity of µ relative to P . In this section it will be shown that the existence of a log-John affinity is an intrinsic property of the measure itself and is independent of the choice of P . From the definition of e µ , it is obvious that if Q 0 is a log-John affinity of µ relative to P , then λQ 0 is a log-John affinity of µ relative to ±λP , for all λ > 0. That a log-John affinity, relative to an element of GL(n), is an affine concept is stated in the following lemma.
Lemma 3.2. Suppose µ is a finite Borel measure on S n−1 , and Q µ,P is a log-John affinity of µ relative to P ∈ GL(n). If A ∈ GL(n) with det(A) > 0, then Q µ,P A −1 is a log-John affinity of Aµ relative to P A −1 . Lemma 3.2 is an immediate consequence of Lemma 3.1 (where P and Q are replaced by P A −1 and Q µ,P A −1 , respectively).
We now present a maximization problem that will be shown to be equivalent to problem (3.5). For a finite Borel measure µ on S n−1 and a fixed P ∈ GL(n), define (3.6) m (µ, P ) = sup e µ (P, Q) : Q ∈ SL(n) .
Does there exist a
We first observe that the normalization det Q = 1 in (3.6) is arbitrary. The existence of a solution to problem (3.7) is independent of the normalization chosen.
The following lemma will show that questions (3.5) and (3.7) are equivalent in that a solution to one is just a scalar multiple of a solution of the other. For this reason we may call Q 0 in (3.7) a normalized log-John affinity of µ relative to P . Lemma 3.3. Suppose µ is a finite Borel measure on S n−1 and P ∈ GL(n). If Q 1 is a solution for the maximization problem (3.5), then
n Q 1 is a solution for the maximization problem (3.7). Conversely, if Q 2 is a solution for the maximization problem (3.7), then Q 1 = λQ 2 , where log λ = |µ| −1 e µ (P, Q 2 ), is a solution for the maximization problem (3.5).
Proof. Suppose Q 1 is a solution of (3.5); i.e. det(Q 1 ) = m(µ, P ) > 0. We first observe that e µ (P, Q 1 ) = 0. To see this, suppose e µ (P, Q 1 ) = ε > 0. Let λ be such that |µ| log λ = ε/2. From (3.2) we have e µ (P, λQ 1 ) = ε/2 > 0, and now λ > 1 produces the affinity λQ 1 that in (3.4) and (3.5) contradicts the maximality of det(Q 1 ). Thus, e µ (P,
From (3.2) we have e µ (P, R) = 0. From the assumed maximality of det(Q 1 ) in (3.4) and (3.5) we have |R| ≤ |Q 1 |, or equivalently that
n Q 1 and (3.2), together with e µ (P, Q 1 ) = 0, give
which together with λ n ≤ |Q 1 | and log λ = |µ| −1 e µ (P, Q) gives
Since Q ∈ SL(n) is arbitrary, it follows that Q 2 ∈ SL(n) is a solution of the maximization problem (3.7). We now deal with the case where Q 2 is assumed to be a solution of (3.7). Observe that this implies det(Q 2 ) = 1. Suppose Q ∈ GL(n) is such that e µ (P, Q) ≥ 0 and det(Q) > 0, but is otherwise arbitrary. Since Q 2 is a solution of (3.7), we have,
This and the fact that e µ (P, Q) ≥ 0 shows that
This, together with Q 1 = λQ 2 , where log λ = |µ| −1 e µ (P, Q 2 ), and
However, from (3.2) we see that
Therefore, Q 1 is a solution of (3.5).
q.e.d.
From (3.3) and Lemma 3.3, we get:
If µ is a finite Borel measure on S n−1 and P ∈ GL(n), then µ has a log-John affinity relative to P if and only if µ has a log-John affinity relative to the identity I.
This corollary tells us that the existence of a log-John affinity of a measure does not depend on the particular P ∈ GL(n) chosen: If a measure has a log-John affinity relative to one element of GL(n) then it has a log-John affinity relative to every element of GL(n). Thus, from this point forward we may simply say that a measure either has a log-John affinity or it does not. Theorem 3.5. If µ is a finite Borel measure on S n−1 and P ∈ GL(n), then the identity is a normalized log-John affinity of µ relative to P if and only if µ is isotropic.
Proof. First, suppose that the identity I is a normalized log-John affinity of µ relative to P ; i.e., (3.8) e µ (P, I) = sup{e µ (P, Q) : Q ∈ SL(n)}.
Thus, for each A ∈ SL(n),
Suppose L ∈ GL(n) is arbitrary, but fixed. Since |L| = 0, there exists an ε o > 0, such that for all ε ∈ (−ε o , ε o ), we can define A ε ∈ SL(n) by
Since e µ (P, A ε ) attains a maximum at A 0 = I, we have
Thus, (3.9)
where L ij e k = δ jk e i , we get (2.7) and conclude that µ is isotropic. Now suppose that µ is isotropic. We need to demonstrate that e µ (P, A) ≤ e µ (P, I),
for each A ∈ SL(n), or equivalently that (3.10)
For each A ∈ SL(n), there exists a positive definite N ∈ SL(n) and an orthogonal transformation O so that A = ON . Thus, one can reduce having to demonstrate (3.10) for all A ∈ SL(n) to having to demonstrate (3.11)
For each positive definite N ∈ SL(n), there exists an orthogonal matrix O and a diagonal matrix Λ ∈ SL(n), with diagonal entries λ 1 . . . λ n , so that N = O t ΛO. However, using (2.9), we have
From the concavity of the log function, we have for u = (u 1 , . . . , u n ) ∈ S n−1 , (3.12) 2 log |Λu| = log(λ
Observe that since µ is isotropic and O is orthogonal, Oµ is isotropic, and thus, for all i,
Thus, from (3.12) and the fact that det Λ = 1, we have
This establishes (3.11). q.e.d.
The following theorem shows that only finite Borel measures that have a log-John affinity will have affine isotropic images, and conversely any measure that has an affine isotropic image must have a log-John affinity associated with it. Theorem 3.6. If µ is a finite Borel measure on S n−1 , then µ has a log-John affinity if and only if µ has an affine isotropic image.
Proof. By Corollary 3.4, µ has a log-John affinity if and only if µ has a log-John affinity, Q = Q µ,I ∈ GL(n), with det(Q) > 0, relative to I. This is equivalent to µ having a log-John affinity Q/|Q| 1/n relative to I/|Q| 1/n . But by Lemmas 3.2 and 3.3, this is equivalent to I being a normalized log-John affinity of Aµ relative to Q −1 , where A = Q/|Q| 1/n ∈ SL(n). However, from Theorem 3.5 we know that I is a normalized log-John affinity of Aµ if and only if Aµ is isotropic.
We will require the following characterization of measures that have affine isotropic images.
Lemma 3.7. If µ is a finite Borel measure on S n−1 , then µ has an affine image that is isotropic if and only if there exists an A ∈ SL(n) so that
for all x ∈ R n .
Proof. The isotropic condition (1.2) for Aµ is
for all x ∈ R n . Using definition (2.9) and |Aµ| = |µ|, this can be written as
for all x ∈ R n . This gives the condition (3.13).
q.e.d. Theorem 3.6 and Lemma 3.7 now give:
Theorem 3.8. If µ is a finite Borel measure on S n−1 , then µ has a log-John affinity if and only if there exists an A ∈ SL(n) so that
Existence of log-John affinities
Let µ be a finite Borel measure and h : S n−1 → (0, ∞) be continuous. Define
The following lemma was established in [8] .
Lemma 4.1. Suppose µ is a probability measure on S n−1 that satisfies the strict subspace concentration inequality. For each positive integer k, let u 1,k , . . . , u n,k be an orthonormal basis of R n , and suppose that the n sequences of positive real numbers {h i,k } are such that h 1,k ≤ · · · ≤ h n,k , and such that the product h 1,k · · · h n,k ≥ 1, and
for all v ∈ S n−1 , then the sequence e µ (h k ) is not bounded from below.
The following lemma shows that any finite Borel measure that satisfies the strict subspace concentration inequality has a normalized logJohn affinity relative to I. Lemma 4.2. If µ is a finite Borel measure on S n−1 that satisfies the strict subspace concentration inequality, then there exists a positive definite A ∈ SL(n) so that
sup e µ (I, Q) : Q ∈ SL(n) = e µ (I, A).
Proof. Without loss of generality we can assume that µ is a probability measure. Choose a maximizing sequence Q k ∈ SL(n) so that lim k→∞ e µ (I, Q k ) = sup e µ (I, Q) : Q ∈ SL(n) . For every Q ∈ SL(n), there exists a positive definite transformation P ∈ SL(n) and an orthogonal transformation O ∈ SO(n) so that Q = OP . Since |Qv| = |P v|, for v ∈ S n−1 , we can assume that the Q k are positive definite.
Let h 1,k , . . . , h n,k be the eigenvalues of Q k , ordered so that h 1,k ≤ h 2,k ≤ . . . ≤ h n,k , with corresponding orthogonal eigenvectors u 1,k ,. . . , u n,k ∈ S n−1 . Thus,
and since Q k ∈ SL(n), (4.4) , and the fact that u 1,k ,. . . , u n,k is orthonormal, gives
where h k is as defined in Lemma 4.1. This, definition (3.1), and definition (4.1) show that
Assume that the sequence {Q k } is not bounded. Then, for a subsequence,
In light of (4.5) and (4.7), Lemma 4.1 tells us that {e µ (h k )} is not bounded from below. Thus, from (4.6) we conclude that the sequence {e µ (I, Q k )} is not bounded from below; this contradicts (4.3). Therefore, the sequence Q k ∈ SL(n) is bounded, and hence it has a subsequence that converges to an A ∈ SL(n). Since the Q k are positive definite (and |Q k | = 1) A is positive definite as well. The continuity of e µ assures that A is a solution to our maximization problem (4.2). q.e.d.
From Lemma 4.2 and Lemma 3.3, we have:
If µ is a finite Borel measure on S n−1 that satisfies the strict subspace concentration inequality, then µ has a log-John affinity.
Existence of affine isotropic images -sufficient conditions
Let E(R n ) = E n be the class of origin-centered ellipsoids in R n and E 1 (R n ) = E n 1 denote the subclass of E n consisting of only the origincentered ellipsoids having unit volume. (The volume normalization here is chosen for convenience to simplify constants that will arise in proofs below.) For an E ∈ E n , define
If ε(A) is the ellipsoid associated with A ∈ GL(n), then from (2.4) and definition (3.1) it follows that e µ (ε(A)) = e µ (I, A). 
Proof. For notational simplicity, throughout this proof abbreviate the unit ball, B n , in R n , by B. From (2.5) it follows that the lemma holds if and only it holds after its ingredients are transformed by an element of GL(n). Thus, we can assume that ξ 1 and ξ 2 are orthogonal, and ξ 2 ∩ (E 1 + ξ 1 ) and ξ 1 ∩ (E 2 + ξ 2 ) are the unit balls B ∩ ξ 2 and B ∩ ξ 1 , respectively. Obviously,
Obviously, B ⊂ Q. Let J be the unique ellipsoid of maximal volume contained in Q (the John ellipsoid of Q). It is easy to see that if a convex body is invariant under a rotation, so is its John ellipsoid. Since Q is invariant under rotations in ξ 1 and ξ 2 , so is J. It follows that the axes of J are in ξ 1 and ξ 2 while J ∩ ξ 1 ⊂ Q ∩ ξ 1 = B ∩ ξ 1 and J ∩ ξ 2 ⊂ Q ∩ ξ 2 = B ∩ ξ 2 . This shows that J ⊂ B ⊂ Q, and since J is the maximal ellipsoid in Q we conclude that J = B.
Suppose E 0 is an origin-centered ellipsoid such that
(Observe that B is an example of one such E 0 .) Then, by (5.3), we see that
Obviously, E 0 ⊆ P ξ 1 E 0 + P ξ 2 E 0 , and thus (5.6) and (5.4), yield
Since J = B ⊂ Q is the unique largest (in volume) ellipsoid contained in Q, we conclude that V (E 0 ) ≤ V (B), with equality if and only if E 0 = B. q.e.d.
The following lemma was established by the authors in [8] .
Lemma 5.3. Suppose µ is a finite Borel measure on S n−1 that satisfies the subspace concentration condition. If ξ is a proper subspace of R n such that
then the restriction of µ to S n−1 ∩ ξ satisfies the subspace concentration condition.
The following theorem shows that a measure that satisfies the subspace concentration condition necessarily has a log-John affinity. We proceed by induction on the dimension of the ambient space, R n . Since the case n = 1 is trivial, we start with n = 2. In this case, there exist u 1 , u 2 ∈ S 1 such that the measure µ is concentrated on the four points {±u 1 , ±u 2 }, and since µ satisfies the subspace concentration condition,
Consider the origin-centered parallelogram P with outer unit normals u i and h P (±u i ) = 1, for both i. Let w i ∈ R 2 be the midpoint of the side of P with outer unit normal u i . Let E 0 be the ellipse of maximum area contained in P . Observe that by considering an SL(2) affinity that transforms P into a square, we can see immediately that E 0 passes through the midpoints ±w i and that the line joining w i to −w i is parallel to the sides of P that it does not intersect. Obviously, h E 0 (u i ) = h P (u i ) = 1.
LetĒ 0 = λ 0 E 0 be the volume normalized dilate of E 0 ; i.e., λ 0 = V (E 0 ) − 1 2 . Then V (Ē 0 ) = 1, and since h E 0 (u i ) = 1, (5.10) hĒ 0 (±u i ) = λ 0 , for both i.
Our aim is to show thatĒ 0 is a solution of the maximization problem (5.8). To that end, suppose E ∈ E 2 1 . Let (5.11)
for both i. Let ψ ∈ GL(2) be defined on the basis {w 1 , w 2 } so that
for both i. Now, (5.12) tells us that |ψ| = h 1 h 2 . Since the lines joining w i to −w i are parallel to two sides of any parallelogram with normals ±u 1 , ±u 2 , and the w i are eigenvectors of ψ, it follows that ψ transforms an origin-centered parallelogram with normals ±u 1 , ±u 2 to an origin-centered parallelogram with normals ±u 1 , ±u 2 . We deduce that
for both i. However since h P (±u i ) = 1, we have h ψP (±u i ) = h i , and since h E (±u i ) = h i , we conclude that E ⊂ ψP . From the fact that V (E) = 1 and ψ −1 E ⊂ P , together with the fact that E 0 is the largest (in area) ellipse contained in P , we get
. From (5.1), the fact that µ is concentrated on the four points {±u 1 , ±u 2 } together with (5.11), (5.9), (5.13), and (5.10),
This establishes the existence of a maximizing ellipse in (5.8) for the case where n = 2. Now, suppose that a solutionĒ to the maximization problem (5.8) exists whenever the ambient dimension is less than n. For dimension n, we only need to deal with the case where µ is concentrated on two proper complementary subspaces ξ 1 and ξ 2 ; i.e., if dimξ i = m i , then m 1 + m 2 = n and m i > 0.
Let µ i denote the restriction of µ to ξ i ∩ S n−1 . The subspace concentration condition tells us that (5.14)
However, (5.14) and Lemma 5.3 tell us that both µ i satisfy the subspace concentration condition. Therefore, the inductive hypothesis assures the existence of origin-
. By Lemma 5.2, there exists a unique origin-centered ellipsoid E 0 in R n that is of maximal volume that satisfies, for both i, the condition that
for both i.
We will now show thatĒ 0 is a solution of the maximization problem (5.8). To that end, suppose E ∈ E n 1 is arbitrary but fixed. Define
It is easily seen that, for both i, 
However by Lemma 5.2, E 0 is the unique origin-centered ellipsoid of maximal volume such that P ξ i E 0 =Ē i , for both i. Since from (5.22) we know that P ξ i (ψE) =Ē i , we conclude that V (ψE) ≤ V (E 0 ). It follows from the definition of the λ i , (5.24), (2.2) together with the fact that V (E) = 1, the fact that V (ψE) ≤ V (E 0 ), and the definition of λ 0 , that
The fact that the measure µ is concentrated on the two ξ i ∩ S n−1 , together with (2.1), (5.17), (5.14), (5.16), (5.25) , and finally the fact
This establishes (5.8) by induction. q.e.d.
Existence of affine isotropic images -necessary conditions
We begin by recalling that from Lemma 5.1, a finite Borel measure µ has a log-John affinity if and only if there exists a ϕ 0 ∈ SL(n) such that
It turns out that a finite Borel measure that violates any of the subspace concentration inequalities will not have a log-John affinity. This fact is contained in the following lemma.
Lemma 6.1. If µ is a finite Borel measure on S n−1 for which there exists a proper subspace ξ so that
then µ does not have a log-John affinity.
Proof. Let m = dim ξ. For t ∈ (0, 1), let ϕ t ∈ SL(n) be so that ϕ t | ξ = t n−m I ξ and ϕ t | ξ ⊥ = t −m I ξ ⊥ . Observe that |ϕ t | ≤ t −m on S n−1 .
Thus,
S n−1 log |ϕ t u| dµ(u)
However,
by hypothesis. Thus, we conclude
and that the infimum in (6.1) is not attained. q.e.d.
The subspace concentration condition requires that equality in the subspace concentration inequalities can only occur in pairs -in pairs of complementary subspaces. The critical nature of this condition is demonstrated in the following lemma.
Lemma 6.2. Suppose µ is a finite Borel measure on S n−1 . If there exists a proper subspace ξ so that
and there does not exist a subspace ξ complementary to ξ such that µ is concentrated on S n−1 ∩ (ξ ∪ ξ ), then µ does not have a log-John affinity.
Proof. Without loss of generality, we may assume µ(S n−1 ) = 1. Let m = dim ξ. From the hypothesis, we have
Abbreviate,
The continuous function u → log | P ξ ⊥ u| on the open set S n−1 \ ξ tends to −∞ near ξ. Thus, M 0 may not be finite.
We first consider the case where M 0 = −∞, and we will show that if this were the case µ would have no log-John affinity.
For t ∈ (0, 1), let ϕ t ∈ SL(n) be so that ϕ t | ξ = t n−m I m and ϕ t | ξ ⊥ = t −m I n−m . From (6.2), we have
This, an application of the Reverse Fatou Lemma, and our assumption
Thus, the infimum of S n−1 log |ϕu| dµ(u), over all ϕ ∈ SL(n), is −∞, which means that µ would have no log-John affinity if it were the case that M 0 = −∞. We turn to the case where M 0 is finite, and we will assume that M 0 is finite throughout the rest of the proof.
Define the finite Borel measureμ on S n−1 ∩ ξ ⊥ by letting (6.3)
for each continuous f :
, and using (6.2), we have
for the measureμ.
SupposeÃ ∈ SL(ξ ⊥ ). From the definition of M 0 and definition (6.3) we see that
and hence is finite. From this and the fact that on S n−1 \ξ the function u → log |Ã(P ξ ⊥ u)| is continuous and is negative close to ξ, we conclude that (6.5)
For each t > 0 and A ∈ SL(ξ), consider ϕ t ∈ SL(n) defined so that we have
From (6.6) and (6.2), we get
where for u ∈ S n−1 , we have written u = P ξ u + P ξ ⊥ u.
From this, (6.5), Lebesgue's Dominated Convergence Theorem, and (6.5), we get lim t→0 S n−1 log |ϕ t u| dµ(u)
From (6.1), we see that if S n−1 log |ϕu| dµ(u) is not bounded from below, for ϕ ∈ SL(n), then there exists no log-John affinity of µ and we are done.
We turn to the case where S n−1 log |ϕu| dµ(u) is bounded from below, for ϕ ∈ SL(n). However in this case (6.7) tells us that
is finite. From (6.7), we see that (6.8) inf
If we could show that for all ϕ ∈ SL(n), (6.9)
then (6.8) would allow us to conclude that the infimum in (6.8) can not be attained, for any ϕ ∈ SL(n), and thus, the measure µ has no log-John affinity, as desired. We proceed to establish (6.9). Suppose ϕ ∈ SL(n) is arbitrary. If ϕξ = ξ, let O ∈ SO(n) be an orthogonal transformation such that Oϕξ = ξ, and observe that |Oϕu| = |ϕu|, for all u ∈ S n−1 . Hence, we may assume that our ϕ ∈ SL(n) is so that ϕξ = ξ and det(ϕ| ξ ) > 0.
By writing x ∈ R n as x = P ξ x + P ξ ⊥ x, we see that
Thus, ϕ can be decomposed, on R n , as (6.10)
where A ∈ GL(ξ) is given by A = ϕ| ξ andÃ ∈ GL(ξ ⊥ ) is given bỹ A = P ξ ⊥ ϕ| ξ ⊥ , and where B = P ξ ϕ| ξ ⊥ is a linear transformation from ξ ⊥ to ξ. So, det A > 0, and |A| |Ã| = |ϕ| = 1. Therefore, there exist
. We write u = P ξ u + P ξ ⊥ u, and from (6.10), (6.2), (6.5) , and the definition of M 1 , we get
with equality implying (6.11) µ({u ∈ S n−1 \ξ : |A P ξ u + B P ξ ⊥ u| > 0}) = 0.
Let η be the subspace defined by
it is easily seen that y − A −1 By ∈ η for each y ∈ ξ ⊥ . Thus,
Suppose y − A −1 By = 0 for y ∈ ξ ⊥ . Since A −1 By ∈ ξ while y ∈ ξ ⊥ , we conclude y = 0. Therefore, the subspace η is a non-singular linear image of ξ ⊥ , and thus is (n − m)-dimensional. But obviously, ξ and η only meet at the origin and are thus complementary subspaces. Since, by hypothesis, there is no subspace ξ complementary to ξ so that µ is concentrated on (ξ ∪ ξ ) ∩ S n−1 , we have
Therefore (6.11) cannot hold and there is strict inequality in (6.11), which in turn yields (6.9) and shows that µ has no log-John affinity. q.e.d.
The following theorem shows that the subspace concentration condition is a necessary condition for the existence of a log-John affinity. Theorem 6.3. If µ is a finite Borel measure on S n−1 that has a log-John affinity, then µ satisfies the subspace concentration condition.
Proof. By Lemma 6.1, µ satisfies the subspace concentration inequalities. If there is a proper subspace ξ so that
then by Lemma 6.2, there is a subspace ξ complementary to ξ so that µ is concentrated on (ξ ∪ ξ ) ∩ S n−1 . Therefore, µ satisfies the subspace concentration condition. q.e.d. The proof now follows from Theorems 3.6, 5.4, and 6.3.
Affine inequalities for measures
If T ⊂ S n−1 , then for notational simplicity, we shall write
For a finite Borel measure µ on S n−1 , we define the invariant U (µ) as an integral over a subset of (S n−1 ) n :
From (1.3), we see that the total measure |µ| = µ(S n−1 ) is invariant under SL(n)-transformations; i.e., |Aµ| = |µ|, for all A ∈ SL(n). The invariant U is also SL(n) invariant. Indeed, from (2.9) we get
Obviously, U (µ) ≤ |µ|. If µ is absolutely continuous with respect to spherical Lebesgue measure on S n−1 , then U (µ) = |µ|. If µ is discrete, then U (µ) < |µ|. The following theorem shows that the invariant U captures the concentration of measures in subspaces. For 0 < i < n, let Ω i be the set of points (u 1 , . . . , u n ) ∈ (S n−1 ) n such that there are exactly i unit vectors that are linearly independent among u 1 , . . . , u n . Then,
Then
where 1 A 1,...,i is the characteristic function of A 1,...,i and ξ i is the subspace spanned by u 1 , . . . , u i . Thus,
2)
This and (7.1) give
Conversely, assume that U (µ) = |µ|; then (7.2) holds. For a subspace ξ n−1 of R n of co-dimension 1, we have
Thus, the measure µ does not have positive subspace mass. q.e.d.
If µ is a finite Borel measure on S n−1 that has an isotropic affine image, then
with equality if and only ifμ, the central symmetral of µ, is an affine image of a cross-measure.
Proof. Since the measure µ has an isotropic affine image, there is an A ∈ SL(n) so that Aµ is isotropic. From (2.8), and the fact that the total mass is invariant under SL(n)-transformations, we know (7.4)
From (7.1) and (7.4), we have
with equality if and only if it is the case that whenever u 1 , . . . , u n ∈ supp(Aµ) are linearly independent, we have |[u 1 , . . . , u n ]| = 1. Therefore, any linearly independent u 1 , . . . , u n in supp(Aµ) are orthogonal. This, and the fact that Aµ is isotropic, implies that the central symmetral of Aµ is a cross-measure, and thusμ is an affine image of a cross-measure. q.e.d.
Observe that the first statement of Theorem 1.3 is Theorem 7.1. The second statement of Theorem 1.3 follows from Theorems 7.2 and 1.2.
Applications to cone-volume measures of convex bodies
If K is a convex body in R n that contains the origin in its interior, then the cone-volume measure, V K , of K is a Borel measure on the unit sphere S n−1 defined for a Borel ω ⊂ S n−1 , by
where ν K : ∂ K → S n−1 is the Gauss map of K, defined on ∂ K, the set of points of ∂K that have a unique outer unit normal, and H n−1 is (n − 1)-dimensional Hausdorff measure.
In recent years, cone-volume measures have appeared in, e.g., [43, 45, 62, 63, 66, 73] . Firey's Question asks if a body whose cone-volume measure is proportional to spherical Lebesgue measure on S n−1 must be a ball. This fundamental question was answered, in the affirmative, by Andrews [1] in R 3 . An answer to the Firey's Question in R n , for n > 3, is one of the major open problems in geometric analysis.
As an aside, we note that the cone-volume measure is (up to a factor of n) the L 0 -surface area measure within the rapidly evolving L p -BrunnMinkowski theory (see e.g. [7, 8, 10, 13, 14, 18, 19, 22, 23, 25-29, 32, 33, 38-51, 53-55, 57-59, 61, 64-67, 69-73, 75, 76, 78] ). For p = 0, the L p -BrunnMinkowski theory is more commonly called the log-Brunn-Minkowski theory.
The total mass of the cone-volume measure of the body K is obviously the volume of K; i.e.,
It was shown in [8] that the affine image of the cone-volume measure of a convex body is the cone-volume measure of the affine image of the body; i.e., if K is a convex body in R n that contains the origin in its interior, and A ∈ SL(n), then
This is an easy consequence of definition (2.9) and (1.10) in [57] . Now (8.2) allows us to rewrite a basic question posed in [57] as follows:
Problem 8.1. For a given convex body K that contains the origin in its interior, is there an A ∈ SL(n) so that
for all x ∈ R n ; i.e., does the cone-volume measure of a convex body have an affine isotropic image?
We shall show that for arbitrary convex bodies (that contain the origin in their interiors) the answer is negative. We will give an affirmative answer to this question for convex bodies that are origin-symmetric. Lemma 8.2. For n ≥ 2, there exists a polytope T in R n that contains the origin in its interior whose cone-volume measure has no affine isotropic image.
Proof. Let T be a simplex that contains the origin very close to one of its vertices. The cone-volume measure of T is discrete and is concentrated mostly at one point. Therefore, it cannot satisfy the subspace concentration condition. By Theorem 1.2, a measure on S n−1 has an affine isotropic image if and only if it satisfies the subspace concentration condition. We conclude that the cone-volume measure of T has no affine isotropic image.
The following lemma was proved in [8] . For polytopes, the inequalitypart of the subspace concentration condition of Lemma 8.3 was established by He, Leng, and Li [30] , with a shorter proof provided by Xiong [77] . Theorem 8.4. If K is an origin-symmetric convex body in R n , then K has an SL(n)-image whose cone-volume measure is isotropic; i.e., there exists an A ∈ SL(n) so that
The SL(n)-invariant U was defined in [52] . For a convex body K in R n that contains the origin in its interior, define U (K), as an integral over a subset of (S n−1 ) n , by
i.e., (8.5)
in the notation of the previous section. Obviously, U (K) ≤ V (K). When K is a polytope, we have U (K) < V (K).
The following theorem characterizes equality in the inequality U (K) ≤ V (K). It is an immediate consequence of Theorem 7.1, (8.5), and (8.1). The affine invariant U can be viewed as a variant of volume, V , that measures the effect of positive subspace mass of the cone-volume measure of K. The polytopal case of the following problem was posed in [52] . Problem 8.6. Suppose K is a convex body in R n whose centroid is at the origin. Is it the case that
with equality if and only if K is a parallelotope?
When K is an origin-symmetric polytope, He, Leng, and Li [30] established inequality (8.6), and later Xiong [77] gave a simplified proof. Xiong [77] proved (8.6) for polytopes in two and three dimensions. Here, we establish (8.6) under a condition.
Theorem 8.7. Suppose K is a convex body in R n that contains the origin in its interior. If K has an affine image whose cone-volume measure is isotropic, then
with equality if and only if K is a parallelotope.
Theorem 8.7 follows immediately from Theorem 7.2, together with (8.2), (8.1), (8.5) , and the fact that the central symmetral of V K is an affine image of a cross-measure if and only if K is a parallelotope. (Note that if u 1 , . . . , u n are linearly independent unit vectors, then a convex body in R n whose outer unit normals is a subset of {±u 1 , . . . , ±u n } must be a parallelotope.)
In light of Lemma 8.3, Theorems 6.4 and 7.2 give an affirmative answer to Problem 8.6 for origin-symmetric convex bodies. Theorem 8.8. If K is an origin-symmetric convex body in R n , then
In view of the above applications, the following problem is of significant interest. Problem 8.9. If K is a convex body in R n whose centroid is at the origin, does the cone-volume measure of K satisfy the subspace concentration condition?
We note that an affirmative answer to Problem 8.9 implies an affirmative answer to Problem 8.6. For two and three dimensional polytopes, an affirmative answer to Problem 8.9 has been given by Xiong [77] .
Added in proof: After this paper was submitted for publication, an affirmative answer to Problem 8.9, for polytopes, was given by Henk and Linke [31] .
